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NAVIER-STOKES VS PASSIVE SCALAR INTERMITTENCY
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NAVIER-STOKES VS PASSIVE SCALAR INTERMITTENCY
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WHY (MULTI) SCALING?

Navier-Stokes Passive Scalar
? ¥ T

Kinematic origin

Refined Self—Similarity KOLMOGOROV ("61) STOLOVITZKY & AL ('95), WARHAFT ('00)

PRASAD & AL ('88), Ruiz-CHAVARRIA & AL

Mu|tifracta| framework PARIsI-FrIiscH (’85) ('96), GOTOH & WATANABE (’15), SCHMITT
& HuANG ('16) , IYER & AL ('18) ...

Dynamical origin

Zero-mode theory 2 KRAICHNAN FLOWS
Statistical conservation laws ’ 0’90 -'00)
. AAM (> '21)
Hidden symmetry ?

AAM & ST ('22)
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KRAICHNAN-WIRTH-BIFERALE (KWB) MODEL

JENSEN & AL (92), BIFERALE & WIRTH ( '96 '07), ANDERSEN & MURATORE-GINANNESCHI (799)

Up—1 Up Velocity
[} [}
scales £ = 1/k Large 1 A2 g )\’% L Dissipative\
9< =1 e 0 —eo
On_1 0, 0,11 Scalar
Random advection
d 5 .
p + kkS ) 60, = knOni1tn — kn—160n—1Un—1, u : Random (Gaussian) flow
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KRAICHNAN-WIRTH-BIFERALE (KWB) MODEL

JENSEN & AL (92), BIFERALE & WIRTH ( '96 '07), ANDERSEN & MURATORE-GINANNESCHI (799)

Up—1 Uy Velocity
. °
scales £ = 1/k Large 1 AL o2 % )\’% £,  Dissipative
0 =1 e 0 —eo
On_1 0, 0,11 Scalar

Kraichnan limit: (u,(t)um(t + 7)) oc £5 5pm 6(7)
e Ito dynamics:  df, = N, [0, dw] + (I, + B, — D,)0, dt

e Advection: N[0, dw] = Y0, 1dw, — " 20, 1dw,_1, = ATE/2,

5
o Driftt [l =T B,= T D= kA
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INERTIAL RANGE

Scalar Balance

d (05)
dt

with the scalar flux from shell n to n+ 1 due to advection:

+ M, —MNypoy = —2D,(02),

1, n=0;
Mo =9 202y 2 (02,)), n>1

Inertial scales
e Standard steady-state phenomenology with constant flux cascade
1 1

<03> x 278 0 n<Kn,, ng= 3 log, —.
K

e Math: t 00, k—0, n— oo from left to right.
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PDF

NUMERICAL OBSERVATIONS

)\—4 )\—12 )\—Zﬂ A—28
ap=20 s
z‘\:/ %: p =20
LRad2 Lh=1t
s 3
n =4 n=4
250 390 750 1000 E 250 500 750 1000
A
05 05
Gaussian 7 h Gaussian
0.25 0.25 ‘
e | 5 L | 3

0 1
n/ /(1)

Gaussian velocity

0 1
O/ /(07

Non-Gaussian scalar!

8/29



NUMERICAL OBSERVATIONS: STRUCTURE FUNCTIONS

T—o0

.
Sy(ly) == lim T‘l/o (164P) dt o< €5

10t 5

1072

107°

1078

(]

101 G =p/3

—14
1075 g0 10! 107 10%

fop = 16,

The KWB dynamics provides a minimal random model for scalar intermittency!
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(WARM-UP: ) SECOND-ORDER STRUCTURE FUNCTION

.
S = lim T*1/ (0,2) dt
0

T—o0
o Inertial-range recursion n
10 10 20 30 ..
0=58(ln-1) = (1L +7°)S2(ln) + 7*S2(lns1),
S>(€n) — 0 (small-scale) 10!
with boundary conditions o ~
Sa(lo) = 1(large scale). & o2
107 /
_ _ , Sa(ly) ox 4276
e Zero-mode interpretation 1075 T i i
ky = 1/6,
-1+ S:ta) | _ |0
1 1+ So(lnt1) 0
M,

= Kolmogorov scaling is a (trivial) zero-mode.
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FOURTH-ORDER STRUCTURE FUNCTION

T—oo

Sa(€y) = oo, Onl = I|m T / <929n+,>
0

e Zero-mode interpretation: Myo =0

e |nertial-range recursion

0= b_10(m1)(-1 e - - .
b ey s+ b o [T A T
1Y On(l—1) — @I0n| 10 n(I+1 or
(-1) (1) by = ' + 260,

+ by 20— 1)(141)
e Benzi Ansatz Benzi & AL ('97):
o Si(ln) = 0mo x €5 (Scaling Ansatz)

e o, = Cono with GG +0& Cy =1 (Fusion Rule)
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FOURTH-ORDER STRUCTURE FUNCTION

The Benzi Ansatz yields the fixed point:
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ZERO-MODES VS STATISTICAL CONSERVATION LAWS

Statistical conservation laws

The ideal KWB dynamics (statistically) preserve

2= a0, Ta=30 3 ar (66)

nez ne€Z >0

where ¢; = 6C; — 58;9 and r = A\ =%,

Proof: The vectors (y~2"), and (r"ci)n,; are, respectively, zero-modes of the dual
operator M} and M.

Observations

e The ideal statistical conservation of ', is dual to the Kolmogorov scaling

So(ln) =~72".

e Relevance of the Benzi Ansatz here reflects a degeneracy of the dynamics.
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LIMITATIONS OF THE ZERO-MODE THEORY

e Ansatz on scaling and fusion rules.

L’'Vov & Procaccia (’96), FAIRHALL & AL (’97), BIFERALE & AL (’99), FRIEDRICH & AL (’18)

e Duality between zero modes and statistical conservation laws.

Beyond linear setting: ANGHELUTA & AL ('06), ARAD & AL (’01)

e Even-order structure functions.
Beyond p=4 and white-in-time setting: ANDERSEN & MURATORE-GINANNESCHI ('99)
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CLASSICAL SCALE INVARIANCE

Ideal KWB: df, = N[0, dw] + 1,0, dt

,}/2n + ,.Y2n—2

. y\1-¢/2
5 yi=A

bh=—

{Nn[av dW] = ’YnenJrlde - "/n_lgnfldwnfh

—00 nel =0

Scale invariance

The ideal KWB is statistically invariant under the rescaling

n>ntl, 0, N0pi1, Wy v wear, te T2t heR

In other words, 8,,(t') := A"0,_1(t/+?) solves the ideal KWB for the Wiener noise
wa(t') = ywn-1(t/7%)
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HIDDEN RESCALING

(m) _(m)% ~(m) ~(m)
—00 On_m O71 0, 0

On O 1 m
Am [9] ]

Shell-time rescaling: t, w, 8 — 7™ W(m ©(m)

m 0 +N m m m m
N = Zor W = 7 =52,
with
e m>0 (reference shell)
o Apnlb] = \/9,2,, +ab%_; +a?0%_,+--- (Scalar amplitude)

e I<axkl
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HibbpEN KWB

(T)(m)

n—m

~(m) 4 (m)
)y Oy

D

bn
Aml6]

Hidden KWB
Under the hidden rescaling, the ideal KWB rescales into

des\lm) — oAy [e(m)’j\/[e(m)’ dW(m)H , NeZ,
with
MO, V= Vy—0On > a e,V

J<0

Obs: The Hidden KWB is nonlinear!
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HIDDEN SCALE INVARIANCE

~(m) _(m)§ ~(m) 4 (m)
0N ()_12 0, 6,

im

Agle]

Change of reference shell

The Hidden KWB s statistically invariant under

m—m=+1: 0 a O], W= bW, 7=

with

©
el = el = [T O AW =7 W
1

Obs: The hidden scale invariance does not depend on h!
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INERTIAL HIDDEN SCALE INVARIANCE

o =1/4 (_)(—";71 @(:T (;)’(2771) @-(Lm) 00
bo=1 £0 i —

Agle]

In the presence of forcing & dissipation, the hidden scale invariance is broken.
The limit t — oo, n, — oo defines

(finite-m) stationnary measures

-
P(M(d0) = Tll_r:woO T*1/0 dr(m (Lot (rm)e do)

P(mil) — a;tl]P)(m)

Hypothesis: Inertial hidden scale invariance (inertial HS)

P(m P, P = aF P
o f
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CONSEQUENCE 1: UNIVERSALITY OF MULTIPLIERS

Push-forwards of P(™) are inertial HS .

Kolmogorov Multipliers

o P\ = Wo,P(m) Wy[e] := So
O
Om
o nlt) = | 22| = Wolo ()
m—1
Generalized Multipliers
(m) _ (m). .: a
o BV = 2P, Xol0] = /o &
Am (m) ((m)
* xm(t) = | 7| = X[OM(7™))]
m—1

1.0

0.8

0.6

PDF
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3 y
Ty a=1/4
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CONSEQUENCE 2: SCALING EXPONENTS

: XQ = <Y1]$ X-
Xo=1 X X3 Xy = Xy[0™)] = Xy 0 aN[0M)] 3
R i 2 Tpp—3 Ny —

: TN+m :

.
Y, (ln) = r'il”oorl/o (AP[0]) dt for pecR.

e Multiplicative form

Anl0(t)] = Ao T xo(2)

Ey(tn) = [ W7(0X0).  u(aX ( 1 x)w“" (aXc). (1)
N=1-—m
e Recursion

(m) —

i = L[SV, L0 p(dXe) - XEPY (dXo]XC) p(dX ), (2)

with boundary condition uﬁ,o)(dXe) ~ Dirac measure
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CONSEQUENCE 2: SCALING EXPONENTS

. Xo=Xo, X ;
o X X3 XX, Xy = An[0m)] == X0 VO™ 0
il :vo Wp—) Im,_lé m nh—é~>

TN+m

.
Y, (ln) = r'ilnoorl/o (AP[0]) dt for pecR.

e |nertial Hidden symmetry

LU — £ L2 p(dXs) = XE B3 (dXo| X2 ) p(dX_),

e Perron-Frobenius mode

L [Vp] = Ap p, /z/p =1, A, > 0: Spectral radius

e |nertial scaling exponents: ,ug'") ~ CpAp Vp,
‘ &p
Y, (lm) ~ cp)\g’ =c (50) . &p = —logy Ap,
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CONSEQUENCE 2: SCALING EXPONENTS (NUMERICAL OBSERVATIONS)

Perron-Frobenius Exponents

(AR
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Cp vs &p
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CONSEQUENCE 3: FuUsioN RULES

T—oo

e Bridging relation: [0l = ,/1 x2 Ao TT0; -
N N -1
120 opp= / (1 - x2) (1 - X2) (Hx_f) 1™ (dXs).
0 —1 j=0

1\ &4
e Perron-Frobenius: ugm) ~ M) Vg Om(—1) = 64(%)

Oml = ||m T / <929m+,>d
0

Fusion rules

&/, (1<0)
A% /8. (1>0)

om = Como, C= {
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FROM ZERO-MODE INTERMITTENCY

TO HIDDEN SYMMETRY

Up—1 Uy Velocity ’
'Y ° Bt ““‘
scales £ = 1/k Large 1At a2 % A’r’% Ly Dﬁssz]mtwe) N -————..4)‘ &
; A
6.=1 e >0 «—eo e a8 . |
Op—1 On Onia Scalar = ‘
Zero-Mode Hidden Symmetry
m
Moy (06---6) =0 do(™ = oAy [e(m), N[e(m)’dw(m)ﬂ 7
Multipliers
Even-order (.axponents Inertial exponents
Conservation laws Fusion rules

Partly computational Not

specific to linear or random setting

Non-linear settings?
Non-perturbative/Ansatz-free
computations?

ArXiv: https://arxiv.org/abs/2402.04198

Existence of limit measure ?
Computation?
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