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Lagrangian variational formulation of ideal fluid motions

Arnold, 1966

Lagrangian map : a 7→ Xt(a) ∈ Sdiff (Ω)

Variational Principle :

At0,tf :=
∫ tf

t0

E [X t ] dt −→ inf prescribing


X0,

Xf ,

det Xt ≡ 1.

Euler equations through geodesics : Ẍt = −∇p

Ideal invariants through Noether Charge:

δQ =
[∫
D
da π(a) · δXt(a)−Hδt

]tf

t0

⇒ Widespread applications for geo-physical/plasma modeling : Salmon,1983, Morrison,1998,...
But (i) Solutions may not exist Ebin & Marsden,1970, Shnirelman, 1987

(ii) Restricted to classical solutions of the Euler equation

•
Xt(a)

•a
Ω
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Turbulence modeling and Euler equations

Physical evidence of a “turbulent measure” :

Navier Stokes : ∂tv + v · ∇v +∇p = f + ν∇2v

Turbulent limit : Joint limit t →∞ and ν → 0

Which distributional Euler solutions to describe high-Reynolds motions ?
Scratch construction of “turbulent mimicking” solutions to Euler,
but not obtained as a limit ν → 0, and in general non-unique.
⇒ Examples are the dissipative solutions of Scheffer, 1993; De Lellis & Székelyhidi,
2012, Isett, 2016; Buckmaster & al , 2017 in connection to Onsager’s conjecture.

Candidate limits ν → 0 (e.g, DiPerna-Majda measure-valued solutions)
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Figure 1. (a) PDFs of signed longitudinal velocity increments in Modane data [17]. Represented scales (from top to bottom):
ln(ℓ/L) = -6.4137, -5.6028, -4.6645, -3.6411, -2.7501, -1.8598, -0.8685, 0.1226. All curves are arbitrarily vertically shifted for
the sake of clarity and their variance is set to unity. The solid curves correspond to our theoretical predictions (see text
in section 2.2.2 and Ref. [43]). (b) PDFs of Lagrangian temporal increments from the ENS-Lyon experiment, for time lags
(from bottom to top, symbols •) τ/T = 0.07, 0.16, 0.35, 1 and from Cornell acceleration data (symbols ◦, from Ref. [25]).
Also, the curves are displayed with an arbitrary vertical shift for clarity, the variance is set to unity at any scales, and the
original axis for the acceleration PDF (◦) has been shrunk by a factor 4. Solid lines correspond to theoretical predictions
(see section 3.1.3 and Ref. [24]).

structure functions. As observed experimentally, the probability density functions (PDFs) of velocity
increments undergo a continuous shape deformation, starting from the integral length scale L at which
statistics can be considered as Gaussian, down to the dissipative scales where the PDF is highly non
Gaussian [12,13,14]. This phenomenon is a manifestation of the intermittent nature of turbulence, as first
underlined by Kolmogorov and Obukhov [15,16]. We show in Fig. 1(a) the estimation of the PDFs of
longitudinal velocity increments obtained in the giant wind tunnel of Modane [17] at a high Taylor-based
Reynolds number Rλ = 2500 (Eq. 26 provides a link between the large-scale Reynolds number Re and
Rλ). The curves are arbitraly shifted vertically for the sake of clarity. This continuous shape deformation
of these PDFs motivated Castaing et al. to build a statistical description of these longitudinal velocity
fluctuations [12]. Moreover, by a simple visual inspection, we can remark that the PDFs are not symmetric.
This is related to the Skewness phenomenon associated with the mean energy transfer of energy towards
the small scales that takes place in the inertial range. We will come back to this point latterly.

The first part of this article is devoted to review the predictions that can be made using both the so-
called multifractal formalism [7] and the propagator approach [12]. This description, that will be shown to
depend only on a parameter function D(h) and a universal constant R∗ (independent on the flow geometry
and the Reynolds number), accurately reproduces the non Gaussian features formerly presented.

More recently, experimental [18,19,20,21,22,23,24,25,26,27]) and numerical [21,22,24,28,29,30] data have
revealed a similar phenomenon in the Lagrangian framework (see recent review articles [31,33,34]). La-
grangian velocity is defined as the Eulerian velocity of a fluid particle at the position X(t), initially at
the position X(t0) via the following identity

v(X(t0), t) = u(X(t), t) . (6)

In this framework, the study of the Lagrangian velocity fluctuations focusses on the Lagrangian time

4

yond some R� . However, the numerical value of D� is not

the same in the two groups. To compare them meaningfully

with experiments,4 the scales L and u used there have to be

redefined slightly. The redefinition leads to D��0.73 for

square grids of round bars, and is in rough agreement with

the D� for the upper curve in Fig. 1. It was noted in Ref. 4

that D� assumes different values for grids of different con-

figurations, especially for the active grids of Gad-el-Hak and

Corrsin.10

Yeung and Zhou used a stochastic forcing confined to

the lowest two or three wavenumber shells, while Wang

et al. and Cao et al. maintain the energy of a few lowest

modes according to the k�5/3 energy spectrum. It is hearten-

ing to note that the forced data of Wang et al. and of Yeung

and Zhou agree with each other, but one cannot dismiss the

fact that they both differ from the forced calculations of

Jimenez et al. and the decay data of Wang et al. The former

maintained the energy peak essentially at k�1, and intro-

duced negative viscosity for k�3 in order to compensate for

the energy decay. In all the forced cases, it might be said that

the resolution of the large-scale is a major factor: there is no

perceptible gap between the large-scale and the box-size.

The energy in the decay data of Wang et al. did not peak at

the lowest wavenumber but was shifted to the right, suggest-

ing that the large-scale resolution might be better. Yet, the

decay data agree with one set of forced data—though it

should be said that there are only three R� values for the

former, and that they do not totally preclude the possibility

of further decrease with increasing R�— but not with the

other two. It is not clear why this is so.

Despite this lack of clarity, the principal message of Fig.

1 is that D asymptotes to a constant value, but that D� can

perhaps be manipulated moderately—even in isotropic

turbulence—by adjusting in some manner the forcing

scheme or the large structure. Some preliminary calculations

of Juneja �private communication� suggest that the same de-

gree of manipulation might also be possible by varying the

initial conditions. At present, we do not know enough to say

precisely how this can be done in a controlled way. To re-

solve this issue, one ought to implement systematic changes

in the forcing scheme, the large-scale structure, and initial

conditions. That the large structure does influence the con-

stant D� is clear from experiments in homogeneously

sheared flows; in Ref. 5, it is shown that D��D�(S), S
being a non-dimensional shear parameter.

One is now left with the question as to whether the na-

ture of forcing at the large scale, and the resulting differences

in the structure of the large scale, affect other aspects of

turbulence as well. We have examined various small-scale

statistics from the sources cited here. There seems to be no

perceptible difference in this regard. But the scaling

range—as determined, for example, by Kolmogorov’s 4/5-

ths law11—does depend on the nature of forcing: it can be

extended or contracted depending on how one deals with the

energy level of the lowest few wavenumbers.
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FIG. 1. The variation of the quantity ���L/u3 with the Taylor microscale

Reynolds number, R� , in simulations of homogeneous and isotropic turbu-

lence in periodic box. The symbols, described on the figure, correspond to

different sources of data noted in Table I.
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A Lagrangian turbulent hallmark : intrinsic stochasticity of trajectories

Roughness
of the velocity field =⇒ Intrinsic impredictibility

of the transport

δv‖(r) ∼ rh, h < 1

Kolmogorov 41 :
h = 1

3

Projet : Dispersion turbulente dans des écoulements
géophysiques

• Points-Source

Concentrations ? Fluctuations ?
Intermittence ?
�θn(x, t)� ⇐⇒ Mouvement relatif

de n traceurs

→ Approche fondamentale en se
basant sur des DNS.

→ Applications pratiques :
Amélioration des modèles de mélange.

• Irréversibilité
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Origine de l’asymétrie ?
Corrélations temporelles ?
Invariants statistiques ?
Compressibilité ?
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Turbulent transport is spontaneously stochastic
Fixed realization of velocity =⇒ Lagrangian transition probabilities

Gawedzki,2001, Le Jan & Raimond, 2004 ...

.
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Generalized variational principle Brenier, 1989, 1999

Generalized flow : probability measure on the Lagrangian paths

t → Z(t) ∈ Ω[t0,tf ]

Generalized variational principle :

B[γ] :=
∫
γ [DZ] E [Z] −→ inf prescribing

{
γ(dZ0, dZf )
γ(dZt) = Lebesgue

Desirable features:
1. Existence of optimizers guaranteed by doubly-stochastic boundary coupling.

2. For determistic coupling given by a classical solution to Euler, classical
solutions to Euler are retrieved for small enough tf − t0.

3. Non-deterministic solutions exist, with formal link to DiPerna–Majda
distributional solutions for small tf − t0

4. Dissipative Euler solutions can be constructed (“sticky flows” Shnirelman,1999)
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Questions from the turbulence modeling perspective

1. Are generalized flows physically relevant ?

2. Do they exhibit turbulent features ?

3. Can generalized variational formulations be of relevance to describe
inertial-range/coarse-grained dynamics ?
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Numerical construction of generalised flows

Coarse-graining via random permutations

Space-time discretization

Generalized flow :
Ensembles of random permutations

t, i0 7→ σωt (i0)

Monte-Carlo estimates

Gibbs measure (with BC) : pβ = 1
Z (β)e

−βAd [σ]

Discrete Action : Ad [σ] =
Nt∑

n=1

∑
i
‖σn(i)− σn−1(i)‖2

Remark : Finite β fluctuations akin to the “entropic regularization” used in
nenna, 2016 (PhD) ; Benamou & al, 2015

••

•
tf

σ$(t)
•
•

•
t0

•
•

•
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Small tf : Reconstruction of a classical solution (i)

Test case : Stationary cellular velocity field on Ω = [0, π]2 (Beltrami):

vB(x, t) = π(− cos y sin x x̂ + cos x sin y ŷ) Critical time : t?f = 1

t = 0 t = 0.25 t = 0.5 t = 0.75

β = 0.1

β = 1

Classical

solution

Coarse-graining on a
grid with size
N2

x = 642

Timesteps of size
∆t = t?f /8
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Small tf : Reconstruction of a classical solution (ii)

=⇒ Convergence towards classical solution in the zero temperature limit β →∞
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Large tf : Non-deterministic solution

The intermediate generalized dynamics is not Beltrami

Is it “Thermalized” ? or “Turbulent” ? or even “Physical”?
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Eulerian features of the generalized Beltrami flows

Small tf : Convergence of the
spectra as β →∞.

Various tf : Spectra at tf /2. for
various final times

=⇒ Generalized flows for large tf have non-trivial IR signatures, different from
random flows.
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Lagrangian features of the generalized Beltrami flows

Growth of separations Lagangian trajectories

=⇒ Lagrangian statistics are not “turbulent”.

Small tf

Large tf
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Variationnal principle and large final times

The maximal final time is determined as : t?f = π

supx ,t ‖Hessian[p]‖1/2 .

“Defect” of the Boundary-value formulation itself

Illustrative example :

Reconstruction
of a solid-rotation

pulse Ω from
Arnold’s
principle.

0 t? = π
|Ω|

2π
|Ω|

3π
|Ω|

4π
|Ω|

t f

−1

0

1

Ω
A

B
V

/
Ω

⇒ Shortcuts are cheaper for large final time!
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Reconstruction of a non-stationary dynamics : decaying 2D
ω(x, t) ω̄(x, t) ⟨ω̄(x, t)⟩β
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t Z1/2(0)
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y

E(t)/E(0)

Z(t)/Z(0)

In the limit ν → 0, dynamics is in principle
described by irreversible weak solutions of

the Euler equation.
(e.g. Eyink , 2001)

tf ∼ Z−1/2
0

Original simulation : 10242

Generalized flow : 642

⇒ Irreversibility encoded in the final map?
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Final messages

Conclusions

Boundary value formulation is ill posed for large timelags ⇒ the
Corresponding generalized flows are then unphysical.

For small timelags generalised flows can capture irreversible behaviours

Possible tool to coarse-grain turbulent flows...

... provided some weak Euler solutions are themselves relevant for turbulence.

Perspectives/Work in progress

Reconstruction of multiscale turbulent measures ?
e.g. 2D Inverse cascade/ 3D direct cascade

Beyond MC algorithm ? Semi-discrete transport, Entropic Regularization...
Mérigot & Mirebeau, 2015 ; Nenna, 2016, ...

Beyond t? : Further constraints (Energy/Enstrophy)?
Generalised Conservation laws?18/18
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