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Symmetries of the Navier-Stokes equations

Navier-Stokes in R3

∂tu + u · ∇u +∇p = ν∆u + f, ∇ · u = 0.

Symmetries

parameters t 7→ x 7→ u 7→ ν 7→ f 7→

Galilean u0 ∈ R3 t x + tu0 u + u0 ν f

Translation ∆t ∈ R, ∆x ∈ R3 t + ∆t x + ∆x u ν f

Rotation O ∈ SO(3) t Ox Ou ν Of

Scaling h, λ > 0 λ1−ht λx λhu λ1+hν λ1+2hf

e.g.

u′(x′, t ′) := λhu
(
x′
λ
,

t ′
λ1−h

)
solves ∂t′u′+u′ ·∇′u′+∇′p′ = ν′∆′u′+f ′, ∇′ ·u′ = 0.
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Homogeneous isotropic turbulence

Statistical symmetries: Rotation : X Translation : X Scaling : ×
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Intermittency: Spontaneous breaking of scale invariance

Côte d’Azur turbulent database5123, L/η ∼ 50

singularity spectrum
↓

Multi-fractals: Range of scaling exponents h ∈ (hmin, hmax)

〈
∆up
‖

〉
=
∫ hmax

hmin

∝`3−D(h)

↓
dµ(h)

〈
∆up
‖

〉
Sh
∝ `ζp
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Refined self-similarity: Repairing scale invariance

Extrinsic: Scale-invariance of the normalized increments

uk(x + `X)− uk(x, t)
`1/3ε

1/3
` (x)

, ε`(x) :=
〈
ν‖∇u‖2〉

B(x,`) (local dissipation)

Intrinsic: Scale-invariance of the multipliers

wij,k(x, t; `1, `2) := uk(x + `1ei , t)− uk(x, t)
uk(x + `2ej , t)− uk(x, t) .

Can one explicitly relate refined self-similarity
to non-degenerate symmetries?
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Navier-Stokes under dynamical rescaling

scaling center
x∗(t) T`

〈T`〉
`

Rescaled space X

Rescaled velocity U ∼ 1
Field of local time dilation

space x

t, x,u 7→ τ,X,U

1. Space rescaling in quasi-Lagrangian frame

U(X, τ ; x0, `) := ∆u`(x∗(t; x0),X, t)
A`(x∗(t), t)

2. Proper time dτ := dt
T`(x∗(t), t) , T`(x, t) := `

A`(x, t)
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Rescaled dynamics in the inertial range

Consider inertial range dynamics

`� 1 `� ν

A`(x∗, t) (“local Kolmogorov scale”)

Then the rescaled dynamics become the rescaled Euler system

∂τU + ΛU [U · ∇U +∇P] = 0, ∇ ·U = 0,

where

ΛU[V] = V− V(0)−U(·, τ)
(
δA
δV

∣∣∣∣
U(·,τ)

· (V− V(0))
)
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Symmetries of the rescaled Euler dynamics

∂τU + ΛU [U · ∇U +∇P] = 0, ∇ ·U = 0,

Explicit symmetries

parameters τ 7→ X 7→ U 7→

Rotation O ∈ SO(3) τ OX OU
Time translation ∆τ ∈ R τ + ∆τ X U

“Hidden” symmetries

parameters τ 7→ X 7→ U 7→

Hidden translation X0 ∈ R3 τ̃ X Ũ
Hidden scaling λ > 0 τ ′ X U′
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Hidden scaling symmetry

∂τU + ΛU [U · ∇U +∇P] = 0, ∇ ·U = 0,

Observation
The rescaled Euler dynamics for U(X, τ ; `, x0) is invariant under the change of
averaging scale ` 7→ `/λ.

Proposition
Under the change ` 7→ `/λ, the proper variables transform as

τ,X,U 7→ τ ′,X,U′

for U′(X, τ ′) := Uλ(X, τ)
A[Uλ(·, τ)] , τ ′ := λ

∫ τ

0
A[Uλ(·, s)] ds

where Uλ(X, τ) := U
(
X
λ
, τ

)
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Symmetries : From old to new

Symmetries for original Euler

t, x,u

∂tu + u · ∇u +∇p = 0

parameters t 7→ x 7→ u 7→

Rotation O ∈ SO(3) t Ox Ou

Time translation ∆t ∈ R, t + ∆t x u

Galilean u0 ∈ R3 t x + tu0 u + u0

Space translation ∆x ∈ R3 t x + ∆x u

Scaling h, λ > 0 λ1−ht λx λhu

8 parameters

Symmetries for rescaled Euler

τ,X,U

∂τU + ΛU [U · ∇U +∇P] = 0

parameters τ 7→ X 7→ U 7→

Rotation O ∈ SO(3) τ OX OU

Time translation ∆τ ∈ R τ + ∆τ X U

Hidden translation X0 ∈ R3 τ̃ X Ũ

Hidden scaling λ > 0 τ ′ X U′

4 parameters
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Fusing of symmetries

Proposition: Hidden scaling fuses multi-fractal scaling

t,x,u λ1−ht, λx, λhu

τ,X,U τ ′,X,U′

x0

`
λx0

`

` 7→ `/λ

Implication for turbulence (Conjecture)
In the inertial range, hidden scaling symmetry may hold although scaling
symmetry in the usual sense is broken.
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Statistical hidden symmetry: Plausibility

Numerical tests : 4, 0963, L/η ∼ 450

A[V] = |V‖(e)| A[V] =
∣∣〈‖V‖2V‖

〉
S

∣∣1/3

Côte d’Azur Turbulent Database
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Hidden symmetries in NS intermittency: Summary

1. Dynamical rescaling 2. Fusing old into hidden symmetries

scaling center
x∗(t) T`

〈T`〉
`

Rescaled space X

Rescaled velocity U ∼ 1
Field of local time dilation

space x

∂τU + ΛU [U · ∇U +∇P] = 0

t,x,u λ1−ht, λx, λhu

τ,X,U τ ′,X,U′

x0

`
λx0

`

` 7→ `/λ

3. Statistical hidden scaling symmetry

Extended story:
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