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SYMMETRIES OF THE NAVIER-STOKES EQUATIONS

Navier-Stokes in R3
ou+u-Vu+Vp=vAu+f, V-u=0.

Symmetries

parameters t— X u— v f—
Galilean up € R3 t X+tuy utuy v f
Translation At€R, Ax€R3 t+At x+Ax u v f
Rotation 0 €50(3) t Ox Ou v of
Scaling hyA>0 Ahe x Aru At+hy AL+2hg

t/
u'(X,t') = M\ (x— — ) solves  dpu'+u’-V'u'+V'p' =/A'u'+f', V'u' =0.
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HOMOGENEOUS ISOTROPIC TURBULENCE

1.5

0.0

Statistical symmetries:

Rotation : v Translation : v Scaling : x
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INTERMITTENCY: Spontaneous breaking of scale invariance

singularity spectrum
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Multi-fractals: Range of scaling exponents h € (hnin, fmax)
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REFINED SELF-SIMILARITY: Repairing scale invariance

Extrinsic: Scale-invariance of the normalized increments

up(x + £X) — uk(x, t)
36(x)

, €o(x) = <1/\|Vu||2>5(x,£) (local dissipation)

Intrinsic: Scale-invariance of the multipliers

u(x + lre;, t) — ug(x, t)
ue(x + loej, t) — uk(x,t)

w,-j)k(x, t; El, 62) =

Can one explicitly relate refined self-similarity
to non-degenerate symmetries?
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NAVIER-STOKES UNDER DYNAMICAL RESCALING

Rescaled velocity U ~ 1 ‘
R P T ]| Field of local time dilation
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Rescaled space X B -

space X

t,x,u— 7, X, U
1. Space rescaling in quasi-Lagrangian frame

_ Aug(x.(t;x0), X, t)

U(X, T;x0,/) :=
O T = = 0.0
dt 1
2. P t. d = —_— T ) = ——
roper time dr T (0.0 o(x, ) A1)
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RESCALED DYNAMICS IN THE INERTIAL RANGE

Consider inertial range dynamics

1«1 > m (“local Kolmogorov scale™)

Then the rescaled dynamics become the rescaled Euler system

8, U+Ay[U-VU+VP] =0, V-U=0,

where

5A

NolV] =V = V(0) - U(,7) ( e

(V- V(O))>

U(‘aT)
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SYMMETRIES OF THE RESCALED EULER DYNAMICS

U+ ANg[U-VU+VP]=0, V-U=0,
Explicit symmetries
parameters T +— X — U—
Rotation 0eS0@3) OX ou
Time translation A7 e R T+ AT X U
“Hidden” symmetries
parameters T X = U—
Hidden translation X € R3 T X U
Hidden scaling A>0 T/ X U’
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HIDDEN SCALING SYMMETRY

0, U+AN[U-VU+VP]=0, V-U=0,

Observation

The rescaled Euler dynamics for U(X, 7; ¢, xo) is invariant under the change of
averaging scale £ — £/ ).

Proposition

Under the change £ — £/, the proper variables transform as
X, U= 7 X U

_Ua(X,7)

for U'(X,7'):= AU 7= /\/OT A[Ux(-,5)] ds

X
where U, (X,7):=U <)\,T>
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SYMMETRIES : From old to new

Symmetries for original Euler

parameters ¢+ X > ur
Rotation 0eS0(3) t Ox Ou
t,X,u Time translation At € R, t+ At x u
Galilean uy € R3 t X +tuy u+uy
Space translation| Ax € R ¢ X+ Ax u
Ju+u-Vu+Vp=20
eu TVp Scaling h,A>0 A Ax Nu

8 parameters

Symmetries for rescaled Euler

parameters T — X U~

Rotation 0eS0B3) 7 0oX OU
7, X,U Time translation A7 e R 74+ A7 X U
Hidden translation| X, € R} 7 X U
a‘rU + /\U [U -VU + V'D] =0 Hidden scaling A>0 T X U’

4 parameters
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FUSING OF SYMMETRIES

Proposition: Hidden scaling fuses multi-fractal scaling

t,x,u — A Ax, M
X0 AX(
14 14
0 0/\

X, U — 5% XU

Implication for turbulence (Conjecture)
In the inertial range, hidden scaling symmetry may hold although scaling
symmetry in the usual sense is broken.
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Numerical tests : 4,096%, L/n ~ 450

0.4

STATISTICAL HIDDEN SYMMETRY: Plausibility
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HIDDEN SYMMETRIES IN NS INTERMITTENCY: Summary

1. Dynamical rescaling 2. Fusing old into hidden symmetries

t,x,u — A Ax, M

Xy Axg
l [
IASXT0N

7, X, U e 7, X, U

9:U+ Ay[U-VU+VP] =0

3. Statistical hidden scaling symmetry

Extended story:
Phil. Trans. Roy. Soc. A 2022
https://arxiv.org/abs/2105.09403
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