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TURBULENT FLUCTUATIONS
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(i) Stationnary
(i) Finite variance (u) = 0(1)

(iii) Power-law correlations (ue(X)ux(x +r)) x 1 —r8
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(GAUSSIAN TURBULENCE
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NAVIER-STOKES TURBULENCE

No obvious scale invariance

du(Ll) = u(x + L) = uy(x)

Anomalous scaling
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NAVIER-STOKES TURBULENCE

Intermittency :
Deviations from Gaussian turbulence

No obvious scale invariance

du(Ll) = u(x + L) = uy(x)

Anomalous scaling
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NAVIER-STOKES INTERMITTENCY : EXTREME SHAPE ANOMALIES
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WHERE INTERMITTENCY ?

Navier-Stokes Active scalar Passive

Gaussian advection

Non-linear Linear
Up—oUp—1 Up 1 U g2 Velocity Up—1 Uy Velocity
2 S Y
scales £=1/k  Large 1A oA A 4. Dissipative scales £=1/k  Large 1A oA A" 4, Dissipative
. 0.=1 e e
iy, Op1 On Opiy Scalar
Cascade models
Sabra, GOY, Dyadic,... Sabra/Gaussian advection
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NAVIER-STOKES VS PASSIVE SCALAR INTERMITTENCY

ou+u-Vu+ Vp="Ff+rkAu

00 +u-VO ="fy+rAb
V-u=0
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NAVIER-STOKES VS PASSIVE SCALAR INTERMITTENCY
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WHY INTERMITTENCY 7

e Why scaling ?

e Why anomalous?

2 dynamical mechanisms for intermittency

Conservation laws Symmetries

o Exact laws o Refined self-similarity
KoLMOGOROV (’61)
e Zero modes
KRAICHNAN FLOW THEORY e Multifractal Parisi-Friscn ('85)
0(’90 - *00)
e Hidden symmetries
MAILYBAEV (’20)
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LAyouT

1. Intermittency

2. Conservation laws (Zero-modes)
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WHERE INTERMITTENCY ?

Linear

Velocity

£, Dissipative

Scalar
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STIRRING WITH (GAUSSIAN TURBULENCE

Up—1 Up Velocity
° °
scales £ = 1/k Large 1 DD g )r(% Ly Dissipative\
0 =1 e 0 —eo
01 0, 0,41 Scalar

Kraichnan-Wirth-Biferale (KWB) model
JENSEN & AL (’92), BIFERALE & WIRTH ( '96 '07), ANDERSEN & MURATORE-GINANNESCHI (799)

On = knOny1tp — kn—10n_1Un_1 — Kksen

u~ Gaussian  with (up(t)um(t +7)) o< 12/% §pm 6(7)
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STIRRING WITH (GAUSSIAN TURBULENCE

Up—1 Up Velocity
[ ) [
scales £ = 1/k Large 1 P g )\’(% Ly Dissipative\
0 =1 e 0 —eo
01 0, 0,41 Scalar

Inertial steady-state 1> ¢, >/, o k= 3/?

e Kolmogorov scaling
(67) o 13

e Constant scalar flux

L=, =643 (07) — 6,7 (0011)
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NUMERICAL OBSERVATIONS
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Non-Gaussian scalar!
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NUMERICAL OBSERVATIONS: STRUCTURE FUNCTIONS

T—o0

i
Sy(6y) = lim T—l/o (6, dt o €5
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fop = 16,

Minimal model for (random) scalar intermittency!

16 /38



STRUCTURE FUNCTIONS AS ZERO-MODES : S,

T—oo

T
Sy = lim T—l/ ([6,]2) dt
0
Inertial range recursion
0=38(ln-1) — (L +79)S2(ln) + V?Sa(lns1), 7 := N3

Sa(£,) — 0 (small-scale)
with boundary conditions >
S2(€o) = 1(large scale).

Zero-mode interpretation

-1+ 7
1 —(1++%)
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STRUCTURE FUNCTIONS AS ZERO-MODES : S,

S, := lim 77!

T—o0

/ (10, dt

Kolmogorov scaling is a (trivial) zero-mode

n
o 10 2 30 .
10!
5
o 1073 <7
4/3 N
107 go 101 102 10
K, =1/,
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STRUCTURE FUNCTIONS AS ZERO-MODES : Sy

Sa(ln) =0m,  ow = lim T~ /(929n+,>d

T—o0 0

Inertial range recursion

—1-2

0= b,/(T(,,Jrl)(/,l) ar = "YI +
M4U =0 + b/7720n(/,1) — a0 + bIUn(I+1) for + '77/ + '7172 + 4'77/6/17
+ b_ 20 (- 1)111) by =~ +26p.

Benzi Ansatz Benzi & al ('97)

o Su(ly) = oo x £$ (Scaling Ansatz)

e gy=Ciopowith (G, —>0& (G =1 (Fusion Rule)
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FOURTH-ORDER STRUCTURE FUNCTION

The Benzi Ansatz yields the fixed point:
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ZERO-MODES VS STATISTICAL CONSERVATION LAWS

Statistical conservation laws

The ideal KWB dynamics preserve

=) v7(00),  Ta=D_> ar"(0ithu),

nez n€Z 1>0

where ¢, = 6C; — 59 and r = A6,

Explicit duality

M8y =0 = M| v=2n | =0, Mo =0 M| grm | =0.
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SCALING ANOMALIES IN THE ZERO-MODE THEORY

e Hierarchy of non-trivial conservation laws ', 4, 6...
Beyond p=4 and white-in-time setting: ANDERSEN & MURATORE-GINANNESCHI ('99)

e Duality between zero modes and statistical conservation laws.
Beyond linear setting: ANGHELUTA & AL ('06), ARAD & AL (’01)

e Even-order exponents (y, (2, (4, (g ...
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SCOPE OF ZERO-MODE THEORY

"PUMIR ET AL, "00
ANI & VERGASSOLA,
| BIFE] AL, '05

f £ :
d & TurbAzur. databq‘;@

LAGRANGIAN CONSERVATION LAWS

Linear
U1 Uy, Velocity
.
scales 6= 1/k  Lage 1 At A A 4, Dissipative
0.1 e
On1 On Ot Scalar

STATISTICAL CONSERVATION LAWS
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LAyouT

1. Intermittency

2. Conservation laws (Zero-modes)

3. (Hidden) Symmetries
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WHERE INTERMITTENCY 7

Non-linear
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MULTIFRACTALS Parisi-Friscu (’85)
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Range of scaling exponents h € (hyin, fmax)

o3 D(h)

(bug) = /h au(h) <Auﬁ>$h o (5,
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Entangled scaling symmetries!

singularity spd¢trum

Ccl1 = 0.37

0.2 0.4 0.6 0.8

¢p = inf {3 — D(h) + ph}
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REFINED SELF-SIMILARITIES KoLMOGOROV (*61)

(i) Conditionning on local dissipation

ug(x 4+ €X) — uk(x, t)

, x) 1= Vul?
prig 0T e

(ii) Multipliers

ug(x + l1e;, t) — ug(x, t)
uk(x + loej, t) — u(x, t)

Wij’k(x’ t' él’ 62) = Cauchy(w),1)

wy = 0.21

512% L/n ~ 50
0 1 2

w| (6,274 /v
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MULTIPLIER: THE ATOM OF MULTIFRACTALITY

Random-h phenomenology

e Scale: ¢, =2""

/—2/%
ou(2) . ou(l,)
ou(1) ou(lp—1)

o Identity: du(f,) = du(l) x

e Structure function: (5uP(£,)) <6up HW >

Multifractal examples: w; = 2"

2

@ 1 P p
b (o) i = ) < G=ap-Fa

N
1 :
2. H=1 21: hi ~2NP) — ¢ = inf,, {ph — D(h)}

Universality of multipliers from the Navier-Stokes?
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DyYNAMICAL (HIDDEN) RESCALING

Rescaled velocity U ~ 1 )
i T Field of local time dilation

el o P g 3
NG > ,/ 1l :: scaling center =
LExue XU T e —— 'z
. a. - el ] (T))
////,/”/ ///j\[ // 1
ﬁescaled space 3( 4 P e
_____________________ 0
space X
i . 2\1/2
1. Local averaging Ag(x, t) := (|| Aug]| >HXH:1
; . Aup(x.(t), X, t)
2. Quasi-Lagrangian frame U(X,7;%p,0) i = ———2—1~2
B CTe D= 7 0.
A t), t
3. Proper time dr == %dt
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HIDDEN NAVIER-STOKES

U(X,7;¢,%0)

0, U+ Ay [U-VU+ VP = Ay AU + F,

V.-U=0,

Au[V] =V = U(U-V)y

Hidden inertial range

v
1> 6 > @ — local Kolmogorov scale
Auxe?) ( g )
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HIDDEN SYMMETRIES

U(X,7;¢,x%0)

8;:U+Ay[U-VU+VP] =0,
V-U=0,
/\U[V] :V—U<U 'V>\x|:1

Hidden scale invariance

Invariance under the change of averaging scale

L /N . X, U= 7 X U

Hidden translation

Invariance under the change of reference trajectory xg — Xo:

X0 — Ko X, U~ 7 X, 0
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SYMMETRIES : From explicit to hidden

Symmetries for original Euler

parameters ¢+ X > ur
Rotation 0eS0(3) t Ox Ou
t,X,u Time translation At € R, t+ At x u
Galilean uy € R3 t X +tuy u+uy
Space translation| Ax € R ¢ X+ Ax u
Ju+u-Vu+Vp=20
eu TVp Scaling h,A>0 A Ax Nu

8 parameters

Symmetries for Hidden Euler

parameters T — X U~

Rotation 0eS0B3) 7 0oX OU
7, X,U Time translation A7 e R 74+ A7 X U
Hidden translation| X, € R} 7 X U
a‘rU + /\U [U -VU + V'D] =0 Hidden scaling A>0 T X U’

4 parameters
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FUSING OF SYMMETRIES

Hidden scaling fuses multi-fractal scaling

t,x,u — A Ax, N
X0 )\X()
¢ ¢
s 0/

7, X, U s 7. X, U

Hidden translation fuses translation and galilean invariance

t,x,u — t,x+ Ax +tug,u+ ug

Xo
4
X = X

X, U — 7,X,U
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STATISTICAL HIDDEN SYMMETRY

e Physics:3 Inertial range for hidden Navier-Stokes

1 T
e Math: HPHs(dW) = lim lim lim f/ ]1¢[u]€dW
0

T—=00 L—0v—0 T

0.4

t/n
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Generalized multipliers W = &, [U]

hidden PDF
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HIDDEN SYMMETRIES IN NS INTERMITTENCY: Summary

1. Dynamical rescaling

2. Fusing old into hidden symmetries

Field of local time dilation

W’ t,x,u — A Ax, M

2 g,

T X Axg
! 4 4
0

IASXT0N , ,
space x T, X7 U — T 7X> U

9,U+Ay[U-VU+ VP =0

scaling center
xu(t)

3. Statistical hidden universality

04

hidden PDF
=
i

34/38



LAyouT

. Intermittency

. Conservation laws (Zero-modes)

. (Hidden) Symmetries

. Hidden fluid mechanics
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SCOPE OF HIDDEN SYMMETRY

(722) IN PROGRESS

Non-linear Linear

Velocity

£, Dissipative

Updling  tipsiling Velocity [,
2 1
alese= 1k Lage 1 a0 At o ., scales €= 1k Lage 1 A1 A2 %
. 0.=1 eece
iy On1 On Oni1
MAILYBAEV ('21, ’22,723) (24)

Scalar
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SCALAR SETTING
—00 <_>[717ij 687{) 9(2"]) 651"1) oS
On gmfl m
Aml]
1. Hidden KWB 2. Fusing symmmetries
n—=n-+1 4/3 J
dO = ohe [N[@,dW]], t,0 —_— )\/t,)n@
with
m m+ 1
Ne[VI=V-0> a’e,V,.
J<0 - om mem il AA/3 @m+1)

3. Scale invariance of multipliers
1.0
0.8+

0.6

PDF

0.4

0.2

0.0,

(4. Extraction of scaling exponents)
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FROM ZERO-MODE INTERMITTENCY TO HIDDEN SYMMETRY

Un—1 Uy Velocity
L] L]
scales £=1/k  Large 1A a2 A,‘% ¢, Dissipatve
0.=1 e e Eo
On—1 On Ont1 Scalar
snapbppgon
S Fmbrpetion || .
A
L L T L R
0,0/ e a=1/4
Zero-modes Hidden Symmetry
Moy (06---6) =0 d® = oo [N]0, dW]],

Conservation laws
Even-order exponents

Fusing of Symmetries
Multipliers universality

Non-linear settings?

Computation?

ArXiv: https://arxiv.org/abs/2402.04198
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