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Surface Quasi-Geostrophy

2D active transport Blumen ’78, Juckes ’94, Held ’95

∂tθ + u·∇θ = Forcing + Dissipation surface temperature
u(x , y) := −∇⊥ψ, horizontal advection; divergence-free

ψ := (−∆)− 1
2 θ, Unconventional stream function

Prototypical flows

Shear Rankine
3 / 34



Why study SQG? (i) Geophysics

Front dynamics: Strong stratification ∼ Rotation

From MeteoSwiss

A few references

• Derivations: Blumen, JAS ’78; Juckes, JAS ’94; Held et al, JFM ’95
• Tropopause: Tulloc & Smith, JAS ’07, JAS ’08
• Upper Ocean: Lapeyre & Klein, JPO ’06; LaCasce & Mahadevan, JMR ’06;

Fresney-al, JGR ’18...
• Review: Lapeyre, Fluids ’17
• Next-order SQG: Hakim-al, JAS ’02, Maalouly, PRF ’24,...
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Why study SQG? (ii) Math

A 2D model (likely) generating singularity
time

adapted from Constantin-Tabak-Majda, PoF ’94

A few references

• Deterministic Blow-up: Constantin et al, NL ’94; Majda & Tabak PhysD ’98;
Cordoba ’97; Chae-al, ’10; Constantin-al JSC ’12,...., Cordoba-al, 17,
Córdoba-Martinez-Zoroa ’25, Ferreira-Guimares ’25

• Non-uniqueness: Buckmaster, Shkoller & Vicol, CPAM ’16;
• Regularization by noise: Flandoli -al ’21; Jiao-Luo ’24; Galeati et al ’24...
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Why study SQG? (iii) Physics

Rough nonlinear 2D scalar transport
SQG Euler

from Watanabe & Iwayama, JPSJ ’04

Analogies with canonical flows:
2D and 3D NS, Passive scalar, Burgers.

A few references

• Cascades and Scaling: Sukhathme & Pierrehumbert, Chaos ’02; Capet et al, JFM
’08; Lapeyre, ’17; Smith et al, JFM ’22; Valadao et al, ’25; Valade et al, JFM ’25

• Generalized SQG: Pierrehumbert et al Chaos ’95; Watanabe & Iwayama JPSP ’04;
Smith et al, JFM ’22

• Predictability: Rotunno & Snyder ’07; Valade et al AHP ’23; Valadao et al, ’25
• Transport: Celani et al, PRL ’02, NJP ’05, Foussard-al, JFM ’17; Maalouly et al

PRF ’24
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Analogies with prototype flows

Structural analogies

• 2D: Two quadratic conservations laws

H = 1
2

∫
R2
ψ θ (Hamiltonian) E = 1

2

∫
R2
θ2 = 1

2

∫
R2
|u|2 (energy)

• Burgers: [u] = [θ]
• 3D: Vortex stretching

∂tω + u·∇ω = −∇·a + F + D, a := (−∆)1/2[u θ]− uω

SQG turbulence: Analogous to 3D HIT... yet unconventional
Steady-state Decaying

Unconventional intermittency Unconventional predictability
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Forced-Dissipated setting

∂tθ + u·∇θ = F + ν∆θ, F̂k =

√
2I

cdπk2
f

e
− |k|

2

2k2f η̂k − α θ̂k 1|k|≤kf .

Prototypical K41 turbulence

i. Steady State. Pe = θf
νkI

ii. Finite variance
iii. Dissipative anomaly
iv. Power-laws E (k) ∝ ε2/3k−5/3

Specificities

i. Dissipative anomaly ε < I
ii. Dissipative scale:

kν = 〈|∇θ|2〉
〈∇θ·∇ψ〉 > kη.

iii. Structures
9 / 34



Forced-Dissipated setting

∂tθ + u·∇θ = F + ν∆θ, F̂k =

√
2I

cdπk2
f

e
− |k|

2

2k2f η̂k − α θ̂k 1|k|≤kf .

Prototypical K41 turbulence

i. Steady State. Pe = θf
νkI

ii. Finite variance
iii. Dissipative anomaly
iv. Power-laws E (k) ∝ ε2/3k−5/3

Specificities

i. Dissipative anomaly ε < I
ii. Dissipative scale:

kν = 〈|∇θ|2〉
〈∇θ·∇ψ〉 > kη.

iii. Structures
9 / 34



10 / 34



Intermittency

Intermezzo: 3D Navier-Stokes vs Gaussian turbulence

Prototypical K41 turbulence

i. Steady State. Pe = θf
νkI

ii. Finite variance
iii. Dissipative anomaly
iv. Power-laws E (k) ∝ ε2/3k−5/3
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Intermezzo: Gaussian turbulence

Scale invariance Monofractal scaling

δu(1) = ux (x + 1)− ux (x)

δu(r)

δu(η)

r−1/3δu(r) Law= δu(1) 〈δup〉 ∝ r ζp
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Intermezzo: Navier-Stokes turbulence

Intermittency :
Deviations from Gaussian turbulence

No obvious scale invariance Multifractal scaling

δu(1) = ux (x + 1)− ux (x)

δu(r)

δu(η)

r−1/3δu(r)
Law
6= δu(1) 〈δup〉 ∝ r ζp
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SQG intermittency: (i) Skewness anomaly

Anomalies at the level of the longitudinal increments δu‖

X Deviations from K41 scaling ! Positive skewness〈
δu3
‖

〉
6∝ ε` Capet, Klein, Hua , Lapeyre & McWilliams

JFM ’08
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SQG intermittency: (i) Skewness anomaly

! cascade ⊥⊥ skewness ! Log-corrections

• Yaglom’s law:
〈
δU(δΘ)2

〉
= −2εξ

• Kinematic relation Bernard, PRE ’99

∂ξξ〈(δU)3〉 = 3∂ξξ∗〈δU(δΘ)2〉 − 3〈A(0)Ω(ξ)〉

a := (−∆)1/2[uθ]− uω

. ("vortex stretching")
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SQG intermittency: (ii) Power-law anomalies

Scaling exponents: ζp := d log 〈|δφ|p〉
d log `

• ! Single-fields: No power-law

• ! Mixed correlators: Power-law scaling for fluxes of higher-order conservation
laws
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SQG intermittency: (ii) Power-law anomalies

Scaling exponents: ζp := d log 〈|δφ|p〉
d log `

〈
δu‖|δθ|p−1

〉
p = 2

p = 7

〈
|δu‖δθ

2|p/3
〉 2

p = 7

• ! Single-fields: No power-law

• ! Mixed correlators: Power-law scaling for fluxes of higher-order conservation
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SQG intermittency: (iii) Refined self-similarity

Local average of the
dissipation field

ε` = ν
〈
|∇θ|2

〉
`

X Approximate log-normality

〈εq
` 〉 ∼ `

χq

χq ≈ µ62 q (1− q)

µ62 = 0.16± 0.02.
3D HIT, e.g. Iyer et al, ’15, Chevillard-al ’19.
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SQG intermittency: (iii) Refined self-similarity

! Refined similarity

〈
δu‖|δθ|p−1

〉
p = 2

p = 7
〈
δu‖|δθ|p−1

〉
∼ `p/3〈εp/3` 〉,

ζ
‖
p = χp/3(`) + p/3
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Unconventional nature of SQG intermittency

X K41 phenomenology

X Deviations from K41 scaling

X Refined similarity

X Approximate log-normality

! Power-law scaling restricted to
selected correlators (δu‖|δθ|p−1)

! Single-fields:
! No power-law (log-corrections)
! Positive skewness
! cascade ⊥⊥ skewness

Multiscaling shaped by conservation laws rather than symmetries ?
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Ongoing Work: Statistics of multipliers

Valade, PhD Thesis ’25

Θ(χ; `) =
δθ(χ`)

〈δθ2〉1/2`

U‖(χ; `) =
δu‖(χ`)

〈δθ2〉1/2`

U⊥(χ; `) =
δu⊥(χ`)

〈δθ2〉1/2`

• Scale invariance of multipliers?
Kolmogorov ’62; Chen et al, PRL ’03; Eyink et al JSP ’03

• Multiplicative origin of multiscaling? (Hidden symmetry) Mailybaev ’222, ’23 ,
ST & Mailybaev ’22,’24, Magacho et al ’25, Calascibetta et al ’25
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Deterministic SQG

θ(x, t = 0) = cos x2 − sin x1 sin x2 Constantin, Majda & Tabak, Nonlinearity ’94
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t = 16
<latexit sha1_base64="C2b6pMLu5qBBfkKmwnAGa7d1ycA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtRb0IRS8eK9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzN/c4TVZpF8tFMY+oLPJIsZASbTLq5qA3KFbfqZkCrxMtJBXI0B+Wv/jAiiaDSEI617nlubPwUK8MIp7NSP9E0xmSCR7RnqcSCaj/Nbp2hM6sMURgpW9KgTP09kWKh9VQEtlNgM9bL3lz8z+slJrz2UybjxFBJFovChCMTofnjaMgUJYZPLcFEMXsrImOsMDE2npINwVt+eZW0a1Xvslp/qFcat3kcRTiBUzgHD66gAffQhBYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwBSXiNwQ==</latexit>

t = 32

<latexit sha1_base64="DRaAAucgzXEl5U7ww/C0Eqi/1WA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHxXjLo=</latexit>

1

<latexit sha1_base64="qubwTb1rU86xdkYIGNhGqCvaoQ4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVXycJePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRwbTzv2ymsrK6tbxQ3S1vbO7t75f2Dhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWOlB8+96JYrnuvNQJaJn5MK5Kh1y1+dXsKyGKVhgmrd9r3UBGOqDGcCJ6VOpjGlbEj72LZU0hh1MJ6dOiEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/89qZia6DMZdpZlCy+aIoE8QkZPo36XGFzIiRJZQpbm8lbEAVZcamU7Ih+IsvL5PGmetfuuf355XqTR5HEY7gGE7Bhyuowh3UoA4M+vAMr/DmCOfFeXc+5q0FJ585hD9wPn8AW0aNMA==</latexit>

0.5

<latexit sha1_base64="hHXoyz/BlTzs7AlZseYDxVNbZEw=">AAAB63icbVDLSsNAFL3xWeur6tLNYBHcGBKpj5UU3LisYB/QhjKZTtqhM5MwMxFK6C+4caGIW3/InX/jpM1CWw9cOJxzL/feEyacaeN5387K6tr6xmZpq7y9s7u3Xzk4bOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdju9yv/1ElWaxfDSThAYCDyWLGMEml84997JfqXquNwNaJn5BqlCg0a989QYxSQWVhnCsddf3EhNkWBlGOJ2We6mmCSZjPKRdSyUWVAfZ7NYpOrXKAEWxsiUNmqm/JzIstJ6I0HYKbEZ60cvF/7xuaqKbIGMySQ2VZL4oSjkyMcofRwOmKDF8YgkmitlbERlhhYmx8ZRtCP7iy8ukdeH6V27toVat3xZxlOAYTuAMfLiGOtxDA5pAYATP8ApvjnBenHfnY9664hQzR/AHzucPxOmNZw==</latexit>�0.5

<latexit sha1_base64="Dwtwn6rX3pQd9Juy415ae4vMV5I=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1JMUvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKD+der1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbphJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jbpc4XMiLEllClubyVsSBVlxoZTtCF4iy8vk+ZFxbusVO+r5dpNHkcBjuEEzsCDK6jBHdShAQxCeIZXeHNGzovz7nzMW1ecfOYI/sD5/AHlnIzx</latexit>�1

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓
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Finite-time emergence of a rough regime corresponding to SQG turbulence.
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Anomalous dissipation
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<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="pLer8O9+cEQZtpO5qbYwZKwV9/k=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCcJeDG3KOYBSQyzk0kyZHZ2melVw5L/8OJBEa/+izf/xkmyB00saCiquunu8iMpDLrut5NZWl5ZXcuu5zY2t7Z38rt7NRPGmvEqC2WoGz41XArFqyhQ8kakOQ18yev+8Gri1x+4NiJUdziKeDugfSV6glG00n0L+RMmt7Ei5XJ53MkX3KI7BVkkXkoKkKLSyX+1uiGLA66QSWpM03MjbCdUo2CSj3Ot2PCIsiHt86aligbctJPp1WNyZJUu6YXalkIyVX9PJDQwZhT4tjOgODDz3kT8z2vG2LtoJ0JFMXLFZot6sSQYkkkEpCs0ZyhHllCmhb2VsAHVlKENKmdD8OZfXiS1k6J3Vjy9OS2ULtM4snAAh3AMHpxDCa6hAlVgoOEZXuHNeXRenHfnY9aacdKZffgD5/MHOeSSVA==</latexit>

Run III

<latexit sha1_base64="xg3MnY7lIZvufYzhL4KyYkhB3VY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYj+gCWWz3bZLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkgNl0LxBgqUvJ1oTqNQ8lY4upn6rUeujYjVA44THkR0oERfMIpW8n3kT5jdp4o0J91yxa26M5Bl4uWkAjnq3fKX34tZGnGFTFJjOp6bYJBRjYJJPin5qeEJZSM64B1LFY24CbLZzRNyYpUe6cfalkIyU39PZDQyZhyFtjOiODSL3lT8z+uk2L8KMqGSFLli80X9VBKMyTQA0hOaM5RjSyjTwt5K2JBqytDGVLIheIsvL5PmWdW7qJ7fnVdq13kcRTiCYzgFDy6hBrdQhwYwSOAZXuHNSZ0X5935mLcWnHzmEP7A+fwBHQmRuw==</latexit>

Run V

<latexit sha1_base64="FL8ko4k0xHr+MHRb56xbtMCnZCA=">AAACB3icbZDNSsNAFIUn9a/Wv6hLQQaL4KokUtRl0Y3LCrYWmlAm05t26GQSZiaFErpz46u4caGIW1/BnW/jNM1CWw8MHL57L3fuCRLOlHacb6u0srq2vlHerGxt7+zu2fsHbRWnkkKLxjyWnYAo4ExASzPNoZNIIFHA4SEY3czqD2OQisXiXk8S8CMyECxklGiDevaxx4kYcPDGREKiGDfQayrmyRz37KpTc3LhZeMWpooKNXv2l9ePaRqB0JQTpbquk2g/I1IzymFa8VIFCaEjMoCusYJEoPwsv2OKTw3p4zCW5gmNc/p7IiORUpMoMJ0R0UO1WJvB/2rdVIdXfsZEkmoQdL4oTDnWMZ6FgvtMAtV8Ygyhkpm/YjokklBtoquYENzFk5dN+7zmXtTqd/Vq47qIo4yO0Ak6Qy66RA10i5qohSh6RM/oFb1ZT9aL9W59zFtLVjFziP7I+vwB/0WaCg==</latexit> h"
 
i

<latexit sha1_base64="S3dI9wd1H4G8tc7KXYMg4OgliOA=">AAACCXicbVA9SwNBEN2L3/ErammzGASrcCdBLYM2lhFMFHIhzG0myeLe3rE7FwiHrY1/xcZCEVv/gZ3/xk28wq8HA4/3ZpiZF6VKWvL9D680N7+wuLS8Ul5dW9/YrGxtt22SGYEtkajEXEdgUUmNLZKk8Do1CHGk8Cq6OZv6V2M0Vib6kiYpdmMYajmQAshJvQoPFeihwnAMBlMrlRNDGiFBaGZGr1L1a/4M/C8JClJlBZq9ynvYT0QWoyahwNpO4KfUzcGQFApvy2FmMQVxA0PsOKohRtvNZ5/c8n2n9PkgMa408Zn6fSKH2NpJHLnOGGhkf3tT8T+vk9HgpJtLnWaEWnwtGmSKU8KnsfC+NChITRwBYaS7lYsRGBDkwiu7EILfL/8l7cNacFSrX9SrjdMijmW2y/bYAQvYMWuwc9ZkLSbYHXtgT+zZu/cevRfv9au15BUzO+wHvLdPxnKbCA==</latexit> h"
✓
i

<latexit sha1_base64="w4QEDiFbmA2HPTRBH1yoKd4oCm4=">AAACAXicbVDLSgNBEOyNrxhfUS+Cl4lB8GLY1aAiCAEvHiOYB2TXMDuZTYbMzi4zs0JY4sVf8eJBEa/+hTf/xsnjoIkFDUVVN91dfsyZ0rb9bWUWFpeWV7KrubX1jc2t/PZOXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Tht+/3rkNx6oVCwSd3oQUy/EXcECRrA2Uju/54oEXaFTt+BqFlLlFhz7Pj0uD9v5ol2yx0DzxJmSIkxRbee/3E5EkpAKTThWquXYsfZSLDUjnA5zbqJojEkfd2nLUIHNNi8dfzBEh0bpoCCSpoRGY/X3RIpDpQahbzpDrHtq1huJ/3mtRAcXXspEnGgqyGRRkHCkIzSKA3WYpETzgSGYSGZuRaSHJSbahJYzITizL8+T+knJOSuVb8vFyuU0jizswwEcgQPnUIEbqEINCDzCM7zCm/VkvVjv1sekNWNNZ3bhD6zPH68AlRs=</latexit>

⌫ = 3⇥10�4

<latexit sha1_base64="wUwiJu5ve9UceMQiXAEGoR+hqmA=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlPhCEgBePEcwDkjXMTmaTITOz68xsICz5Di8eFPHqx3jzb5wke9DEgoaiqpvuriDmTBvX/XaWlldW19ZzG/nNre2d3cLefl1HiSK0RiIeqWaANeVM0pphhtNmrCgWAaeNYHA78RtDqjSL5IMZxdQXuCdZyAg2VvLbMkE3yHMf09PzcadQdEvuFGiReBkpQoZqp/DV7kYkEVQawrHWLc+NjZ9iZRjhdJxvJ5rGmAxwj7YslVhQ7afTo8fo2CpdFEbKljRoqv6eSLHQeiQC2ymw6et5byL+57USE175KZNxYqgks0VhwpGJ0CQB1GWKEsNHlmCimL0VkT5WmBibU96G4M2/vEjqZyXvolS+Lxcr11kcOTiEIzgBDy6hAndQhRoQeIJneIU3Z+i8OO/Ox6x1yclmDuAPnM8f0mKQ0g==</latexit>

⌫ = 10�5

<latexit sha1_base64="tjqZKxNRJ6HmJ7XX7TQNjibr8e0=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbArQUUQAl48RjAPSNYwO5lNhszOrvMIhCXf4cWDIl79GG/+jZNkD5pY0FBUddPdFSScKe26305uZXVtfSO/Wdja3tndK+4fNFRsJKF1EvNYtgKsKGeC1jXTnLYSSXEUcNoMhrdTvzmiUrFYPOhxQv0I9wULGcHaSn5HGHSDPPcxPatMusWSW3ZnQMvEy0gJMtS6xa9OLyYmokITjpVqe26i/RRLzQink0LHKJpgMsR92rZU4IgqP50dPUEnVumhMJa2hEYz9fdEiiOlxlFgOyOsB2rRm4r/eW2jwys/ZSIxmgoyXxQajnSMpgmgHpOUaD62BBPJ7K2IDLDERNucCjYEb/HlZdI4L3sX5cp9pVS9zuLIwxEcwyl4cAlVuIMa1IHAEzzDK7w5I+fFeXc+5q05J5s5hD9wPn8A0N2Q0Q==</latexit>

⌫ = 10�4

<latexit sha1_base64="j1MEw10NSFScsqbSr5PxLIlVppo=">AAACAXicbVDLSgNBEJyNrxhfq14ELxOD4MWwq/GBIAS8eIxgHpCNYXYySYbMzi4zvUJY4sVf8eJBEa/+hTf/xkmyB40WNBRV3XR3+ZHgGhzny8rMzS8sLmWXcyura+sb9uZWTYexoqxKQxGqhk80E1yyKnAQrBEpRgJfsLo/uBr79XumNA/lLQwj1gpIT/IupwSM1LZ3PBnjS3zs5T3gAdNe3nXuksOTUdsuOEVnAvyXuCkpoBSVtv3pdUIaB0wCFUTrputE0EqIAk4FG+W8WLOI0AHpsaahkphtrWTywQjvG6WDu6EyJQFP1J8TCQm0Hga+6QwI9PWsNxb/85oxdM9bCZdRDEzS6aJuLDCEeBwH7nDFKIihIYQqbm7FtE8UoWBCy5kQ3NmX/5LaUdE9LZZuSoXyRRpHFu2iPXSAXHSGyugaVVAVUfSAntALerUerWfrzXqftmasdGYb/YL18Q2whZUc</latexit>

⌫ = 3⇥10�5

<latexit sha1_base64="jwrvq81xNGGszDFXDiK39jepfZ0=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48V7Ad0l5JNs21okl2SiVCW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvzgQ34PvfXmltfWNzq7xd2dnd2z+oHh61TWo1ZS2ailR3Y2KY4Iq1gINg3UwzImPBOvH4buZ3npg2PFWPMMlYJMlQ8YRTAk4KoZ+HWmKwOp72qzW/7s+BV0lQkBoq0OxXv8JBSq1kCqggxvQCP4MoJxo4FWxaCa1hGaFjMmQ9RxWRzET5/OYpPnPKACepdqUAz9XfEzmRxkxk7DolgZFZ9mbif17PQnIT5VxlFpiii0WJFRhSPAsAD7hmFMTEEUI1d7diOiKaUHAxVVwIwfLLq6R9UQ+u6pcPl7XGbRFHGZ2gU3SOAnSNGugeNVELUZShZ/SK3jzrvXjv3seiteQVM8foD7zPH0y6kd4=</latexit>

tturb
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Lagrangian predictability:
(i)K41 =⇒ Richardson super-diffusion

δu‖ ∝ ε1/3r1/3 ⇒ R(t) ∝ ε1/2t3/2
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akin to 3D direct cascade and 2D inverse cascade
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Lagrangian predictability:
(ii) Eulerian dissipation =⇒ Non-deterministic transport

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0
<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0
<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit> x
2

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0
<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0

<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit> x
2

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0
<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0

<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit> x
2

<latexit sha1_base64="p4ryYDZHB3VUg+9qHaUY8OABgyg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XGSgBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qs1PTcx/TsYtItltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjfOyd1mu3FdK1ZssjjwcwTGcggdXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AUM3jt4=</latexit>

10�5
<latexit sha1_base64="Z0NOfrUe1HDRqaWRrvWkFI7MtQE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbCrQT1JwIvHCOYByRpmJ51kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWanruY3p2MekWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/Ozp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6O+lxhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxnnZuyxX7iul6k0WRx6O4BhOwYMrqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AEAtjtw=</latexit>

10�3
<latexit sha1_base64="cwj9ezmC/g/tVeTOmqW49wcpf00=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1JMUvHisYD+gjWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKLc99zM69Sa9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBPSOO2g==</latexit>

10�1

<latexit sha1_base64="y/M3WyqIA+BrJMlozlqyab9He3g="></latexit>

hR2(�⌧ | x, t)i`⌫
<latexit sha1_base64="Nzq2QhhYWVCKQgjiP41gc7PyIho=">AAACIXicbVBNSwMxEM36bf2qevQSLIJCKbsi2mPRi0cV2wpNXbLptAaz2SWZFcvav+LFv+LFgyLexD9jWnvwayDk8d4bZuZFqZIWff/dm5icmp6ZnZsvLCwuLa8UV9caNsmMgLpIVGIuIm5BSQ11lKjgIjXA40hBM7o+GurNGzBWJvoc+ym0Y97TsisFR0eFxSpTXPcU0LPL3W2GPGPlO1ZmUaI6th+7L78dlHGHmZErzBkoFTKdDcJiya/4o6J/QTAGJTKuk7D4xjqJyGLQKBS3thX4KbZzblAKBYMCyyykXFzzHrQc1DwG285HFw7olmM6tJsY9zTSEfu9I+exHe7rnDHHK/tbG5L/aa0Mu9V2LnWaIWjxNaibKYoJHcZFO9KAQNV3gAsj3a5UXHHDBbpQCy6E4PfJf0FjtxLsV/ZO90q1w3Ecc2SDbJJtEpADUiPH5ITUiSD35JE8kxfvwXvyXr23L+uEN+5ZJz/K+/gEPTekPg==</latexit>

hR2(⌧ | x, t)i`⌫
<latexit sha1_base64="VNakrxg6O+Wkz0pYnQbz/NTA75c=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2i1GIIGFXgloGbSwjmAdklzA7e5MMmX0wczcYlvyAjb9iY6GIrb2df+PkUWj0wDBnzrmXuff4ieAKbfvLyC0tr6yu5dcLG5tb2zvm7l5DxalkUGexiGXLpwoEj6COHAW0Egk09AU0/cH1xG8OQSoeR3c4SsALaS/iXc4oaqljHrlDKiFRXOiXi31AWnL9WARqFOorux+f4knHLNplewrrL3HmpEjmqHXMTzeIWRpChExQpdqOnaCXUYmcCRgX3FRBQtmA9qCtaURDUF423WZsHWslsLqx1CdCa6r+7MhoqCbT6cqQYl8tehPxP6+dYvfSy3iUpAgRm33UTYWFsTWJxgq4BIZipAllkutZLdankjLUARZ0CM7iyn9J46zsnJcrt5Vi9WoeR54ckENSIg65IFVyQ2qkThh5IE/khbwaj8az8Wa8z0pzxrxnn/yC8fENjuGcgA==</latexit>

"✓(x, t)

<latexit sha1_base64="p4ryYDZHB3VUg+9qHaUY8OABgyg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XGSgBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qs1PTcx/TsYtItltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjfOyd1mu3FdK1ZssjjwcwTGcggdXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AUM3jt4=</latexit>
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10�1

Stochastic representation of transport through Ito formulas
Revuz-Yor, Gawedzki ’06. Eyink-Drivas ’16

E(0)− E(t)︸ ︷︷ ︸
Eulerian Dissipation

= 1
8π2

x
pν(y, 0 | x, t; θ0)︸ ︷︷ ︸

Lagrangian fluctuation

(θ(x, t)− θ0(y))2dx dy.
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Eulerian predictability: Phenomenology

aka: Production of uncertainty/Predictability Horizon/ Spontaneous stochasticity

Inverse error cascade : δu(`) ∼ `h, T2`←` ∝ `1−h

T1←0 ∝
∑

n≥0 T2−n←2−n−1 .

h = 1/3

T1←0 <∞

From Rotunno & Snyder, JAS ’07

S
ep
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er
gy h = 1

T1←0 =∞

A few references:

• Theory: Lorenz JAS ’69; Palmer et al NL ’14; Eyink & Peng, NL’ 25;
• Simplified models: Leith & Kraichnan JAS ’72; Métais & Lesieur JAS ’86; Rotunno

& Snyder JAS ’08; Mailybaev, since ’12; ; Bandak et al, PRL ’24; Ortiz et al ’25;
• DNS: Boffetta et al, PoF ’96 ; Boffetta & Musacchio, PoF ’01, PRL’ 17; Thalabard

et al, CP ’20; Ge et al, JFM ’23; Valadao et al, JFM ’25 27 / 34



Eulerian predictability in deterministic SQG

Separation energy:
Eκ(τ) = 1

2

〈(
θ(κ)(·, t + τ)− θ(·, t + τ)

)2〉

! No explosive
growth

Valade, PhD Thesis ’25
S
ep
ar
at
io
n
en
er
gy ! Error cascade

blocked in the
inertial range

! Large-scale predictability despite small-scale roughness
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Eulerian predictability in deterministic SQG

Valade, PhD Thesis ’25
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SQG turbulence

A rough 2D active scalar à la Kolmogorov...

• Kolmogorov scaling
• Anomalies

• Scaling (intermittency)
• Dissipation
• Lagrangian flow
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<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit> x
2

<latexit sha1_base64="p4ryYDZHB3VUg+9qHaUY8OABgyg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XGSgBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qs1PTcx/TsYtItltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjfOyd1mu3FdK1ZssjjwcwTGcggdXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AUM3jt4=</latexit>

10�5
<latexit sha1_base64="Z0NOfrUe1HDRqaWRrvWkFI7MtQE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbCrQT1JwIvHCOYByRpmJ51kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWanruY3p2MekWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/Ozp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6O+lxhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxnnZuyxX7iul6k0WRx6O4BhOwYMrqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AEAtjtw=</latexit>

10�3
<latexit sha1_base64="cwj9ezmC/g/tVeTOmqW49wcpf00=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1JMUvHisYD+gjWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKLc99zM69Sa9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBPSOO2g==</latexit>

10�1

<latexit sha1_base64="y/M3WyqIA+BrJMlozlqyab9He3g="></latexit>

hR2(�⌧ | x, t)i`⌫
<latexit sha1_base64="Nzq2QhhYWVCKQgjiP41gc7PyIho=">AAACIXicbVBNSwMxEM36bf2qevQSLIJCKbsi2mPRi0cV2wpNXbLptAaz2SWZFcvav+LFv+LFgyLexD9jWnvwayDk8d4bZuZFqZIWff/dm5icmp6ZnZsvLCwuLa8UV9caNsmMgLpIVGIuIm5BSQ11lKjgIjXA40hBM7o+GurNGzBWJvoc+ym0Y97TsisFR0eFxSpTXPcU0LPL3W2GPGPlO1ZmUaI6th+7L78dlHGHmZErzBkoFTKdDcJiya/4o6J/QTAGJTKuk7D4xjqJyGLQKBS3thX4KbZzblAKBYMCyyykXFzzHrQc1DwG285HFw7olmM6tJsY9zTSEfu9I+exHe7rnDHHK/tbG5L/aa0Mu9V2LnWaIWjxNaibKYoJHcZFO9KAQNV3gAsj3a5UXHHDBbpQCy6E4PfJf0FjtxLsV/ZO90q1w3Ecc2SDbJJtEpADUiPH5ITUiSD35JE8kxfvwXvyXr23L+uEN+5ZJz/K+/gEPTekPg==</latexit>

hR2(⌧ | x, t)i`⌫
<latexit sha1_base64="VNakrxg6O+Wkz0pYnQbz/NTA75c=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2i1GIIGFXgloGbSwjmAdklzA7e5MMmX0wczcYlvyAjb9iY6GIrb2df+PkUWj0wDBnzrmXuff4ieAKbfvLyC0tr6yu5dcLG5tb2zvm7l5DxalkUGexiGXLpwoEj6COHAW0Egk09AU0/cH1xG8OQSoeR3c4SsALaS/iXc4oaqljHrlDKiFRXOiXi31AWnL9WARqFOorux+f4knHLNplewrrL3HmpEjmqHXMTzeIWRpChExQpdqOnaCXUYmcCRgX3FRBQtmA9qCtaURDUF423WZsHWslsLqx1CdCa6r+7MhoqCbT6cqQYl8tehPxP6+dYvfSy3iUpAgRm33UTYWFsTWJxgq4BIZipAllkutZLdankjLUARZ0CM7iyn9J46zsnJcrt5Vi9WoeR54ckENSIg65IFVyQ2qkThh5IE/khbwaj8az8Wa8z0pzxrxnn/yC8fENjuGcgA==</latexit>

"✓(x, t)

<latexit sha1_base64="p4ryYDZHB3VUg+9qHaUY8OABgyg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XGSgBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qs1PTcx/TsYtItltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjfOyd1mu3FdK1ZssjjwcwTGcggdXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AUM3jt4=</latexit>

10�5
<latexit sha1_base64="Z0NOfrUe1HDRqaWRrvWkFI7MtQE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbCrQT1JwIvHCOYByRpmJ51kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWanruY3p2MekWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/Ozp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6O+lxhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxnnZuyxX7iul6k0WRx6O4BhOwYMrqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AEAtjtw=</latexit>

10�3
<latexit sha1_base64="p4ryYDZHB3VUg+9qHaUY8OABgyg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XGSgBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qs1PTcx/TsYtItltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjfOyd1mu3FdK1ZssjjwcwTGcggdXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AUM3jt4=</latexit>

10�5
<latexit sha1_base64="Z0NOfrUe1HDRqaWRrvWkFI7MtQE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbCrQT1JwIvHCOYByRpmJ51kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWanruY3p2MekWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/Ozp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6O+lxhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxnnZuyxX7iul6k0WRx6O4BhOwYMrqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AEAtjtw=</latexit>

10�3
<latexit sha1_base64="cwj9ezmC/g/tVeTOmqW49wcpf00=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1JMUvHisYD+gjWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKLc99zM69Sa9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBPSOO2g==</latexit>

10�1

...but with fundamental specificities

• Entanglement of structures
• Conservation laws
• Positive skewness but direct cascade!
• Non-universality

Valade, PhD Thesis ’25
JFM ’25, arXiv 2503.16294
AHP ’22, arXiv 2210.12366
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https://arxiv.org/pdf/2503.16294
https://arxiv.org/pdf/2210.12366


Questioning turbulence with SQG

Lagrangian predictability Multipliers

Valade, PhD Thesis ’25

Valade, PhD Thesis ’25

Θ(χ; `) =
δθ(χ`)

〈δθ2〉1/2`

U‖(χ; `) =
δu‖(χ`)

〈δθ2〉1/2`

U⊥(χ; `) =
δu⊥(χ`)

〈δθ2〉1/2`

Eulerian predictability
(with Barlet, Li & Mémin)

Universality

Resseguier, PhD Thesis ’17

3D NS under frozen-energy forcing

Iyer et al, PRL ’25

Whither the zeroth law of turbulence?
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Is tturb <∞ ?

Valade, PhD Thesis ’25

• Finite-time singularity:
∫ t∗
0 ‖∇

⊥θ‖∞ =∞ Constantin et al ’97, Cordoba ’97

• Data suggests:‖∇⊥θ‖∞ ∝ eet
Ohkitani & Yamada, PoF ’97, Cordoba ’98

(Implying practical blowup at t ' 7 using floating precision.) 34 / 34
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